Introduction
In the introductory chapter, we have discussed in detail self-conjugate t-core partitions and indicated the contributions of Garvan, Kim and Stanton [24] , Baruah and Berndt [4] , Baldwin, Depweg, Ford, Kunin and Sze [3] , Baruah and Sarmah [7] , and Hanusa and Nath [29] .
By employing (1.2.2) and manipulating the q-products, and then using (1.1.9), we have ∞ n=0 asc 5 (n)q n = f (q, q 9 )f (q 3 , q 7 ), (5.1.1) ∞ n=0 asc 7 (n)q n = f (q, q 13 )f (q 3 , q 11 )f (q 5 , q 9 ). (5.1.2)
In Sections 5.2 and 5.3 of this chapter, we use Ramanujan's theta function identities to find relations between asc 5 (n) and r 2 (n), and between asc 7 (n) and r 3 (n).
We then deduce several results proved earlier by Garvan, Kim and Stanton [24] , Baruah and Berndt [4] , and Baruah and Sarmah [7] .
In Sections 5.4 and 5.5, we also find new infinite families of arithmetic identities for self-conjugate 5-cores and 7-cores.
5.2
Relations between asc 5 (n) and r 2 (n)
Theorem 5.2.1. If r 2 (n) is the number of representations of a nonnegative integer n as a sum of two squares and asc 5 (n) is the number of self-conjugate 5-cores of n, then 8asc 5 (n) =    r 2 (5(n + 1)), if n ≡ 0, 1, 2, 3 (mod 5); r 2 (5(n + 1)) − r 2 ((n + 1)/5), if n ≡ 4 (mod 5).
( Extracting the terms involving q 5n from both sides of (5.2.5), we find that 2.6) which, with the help of (5.1.1), can be written as
Equating the coefficients of the terms q 5n+r , r = 1, 2, 3, 4 and 0, respectively, from both sides of (5.2.7), we have r 2 (25n + 5) = 8asc 5 (5n), (5.2.8) r 2 (25n + 10) = 8asc 5 (5n + 1), (5.2.9) r 2 (25n + 15) = 8asc 5 (5n + 2), (5.2.10)
2.12), we readily finish our proof.
5.3
Relations between asc 7 (n) and r 3 (n)
Theorem 5.3.1. If r 3 (n) is the number of representations of a nonnegative integer n as a sum of three squares and asc 7 (n) is the number of self-conjugate 7-cores of n, then 48asc 7 (n) =    r 3 (7(n + 2)), if n ≡ 0, 1, 2, 3, 4, 6 (mod 7); r 3 (7(n + 2)) − r 3 ((n + 2)/7), if n ≡ 5 (mod 7). (5.3.1)
which we rewrite with the aid of (1.2.6) as
Equating the coefficients of q 4n from both sides of (5.3.3), we find that 3.4) which, of course, is a well-known classical result.
Again, setting n = 7 and a = b = q in (1. 3.6) which, with the help of (5.1.2), can be written as
Equating the coefficients of q 7n+r , r = 1, 2, 3, 4, 5, 6, and 0, respectively, from both sides of (5.3.7), we have 
From (5.3.8)-(5.3.14), we arrive at (5.3.1) to finish the proof. Furthermore, with the aid of (5.2.4), we write holds.
Proof. From [16, p. 262, Entry 10(iv)], we note that
Employing (5.4.10) in (5.2.6), we find that
which can be rewritten, with the aid of (5.2.2), as
Equating the coefficients of q 5n from both sides of (5.4.12), we find that
Again, adding (5.2.7) and (5.4.12), and then equating the coefficients of q n from both sides of the resulting identity, we obtain
Employing (5.2.12) and (5.4.14) in (5.4.13), we deduce that 4.15) which is equivalent to (5.4.9).
Theorem 5.4.4. Let p ≡ 3 (mod 4) be a prime. If asc 5 (n) denotes the number of self-conjugate 5-cores of n, then for any positive integer n and any positive even integer k, we have
First we prove the following lemma.
Lemma 5.4.5. If r 2 (n) denotes the number of representations of a nonnegative integer n as a sum of two squares and p ≡ 3 (mod 4) is a prime, then
Proof. Setting n = p and a = b = q in (1.2.13), we obtain
With successive use of the trivial identity f (a, b) = af (a −1 , a 2 b), we can rewrite the above identity in the form
Employing (5.4.19) in (5.2.2) and then extracting the terms involving q pn from both sides of the resulting identity by noting that prime p ≡ 3 (mod 4) and r 2 (4n +
3) = 0, we find that
Equating the coefficients of q pn from both sides of (5.4.20), we readily arrive at Proof. For any nonnegative integer n, it is well known that
Replacing n by 8n + 7, with n ≡ 0, 1, 2, 3, 4, 6 (mod 7), in (5.3.1), we find that 48asc 7 (8n + 7) = r 3 (8(7(n + 1)) + 7). Again, replacing n by 8n + 7 in (5.3.14), we find that Applying (5.3.14) in (5.5.15), we find that asc 7 (7n − 2) = asc 7 (7(4n) − 2) = asc 7 (28n − 2). (5.5.16) Now, from (5.5.9)-(5.5.14) and (5.5.16), we deduce (5.5.7) to complete the proof. Proof. Replacing n by 8m − 1 in (5.5.17), we find that
Employing (5.5.1) in (5.5.19), we arrive at (5.5.18).
Theorem 5.5.5. If asc 7 (n) denotes the number of self-conjugate 7-cores of n, then for any integer k ≥ 1, we have
Proof. Hirschhorn and Sellers [33] found the following arithmetic properties of r 3 (n).
For any nonnegative integer n and any integer k ≥ 1, we have 2 × 3 k − 1 r 3 (3n + 1) = r 3 (9 k (3n + 1)), (5.5.25) 3 k r 3 (3n + 2) = r 3 9 k (3n + 2) , (5.5.26) 3 k+1 − 1 2 r 3 (9n + 3) = r 3 9 k (9n + 3) , (5.5.27) 3 k+1 − 1 2 r 3 (9n + 6) = r 3 9 k (9n + 6) .
(5.5.28)
Replacing n by 49n + 2 in (5.5.25), we have
, which on employing (5.3.1) may be written as
In a similar way, replacing n by 49n + 9, 49n + 23, 49n + 30, 49n + 37, 49n + 44, respectively, in (5.5.25), we find that
Again, by employing (5.5.25), we have (2 × 3 k − 1) (r 3 (49(3n + 1)) − r 3 (3n + 1)) = r 3 49 9 k (3n + 1) − r 3 9 k (3n + 1) , which on employing (5.3.1) may be written as In a similar way, from (5.5.26)-(5.5.28), respectively, we deduce (5.5.21)-(5.5.23).
Hirschhorn and Sellers [33] also found the following arithmetic properties of r 3 (n).
For any nonnegative integer n, we have 4r 3 (9n) = r 3 (81n) + 3r 3 (n).
(5.5.36)
Replacing n by 7n, we have 4r 3 (7(9n)) = r 3 (7(81n)) + 3r 3 (7n).
(5.5.37)
For n ≡ 1, 2, 3, 4, 5, 6 (mod 7), by employing (5.3.1), in (5.5.37), we have 4asc 7 (9n − 2) = asc 7 (81n − 2) + 3asc 7 (n − 2). Theorem 5.5.6. If asc 7 (n) denotes the number of self-conjugate 7-cores of n and Replacing n by 49n + 4 in (5.5.52), we find that 5r 3 (7(35n + 3)) = r 3 (7(875n + 75)), which on employing (5.3.1) may be written as 
